Abstract. We prove that there does not exist non-constant positive f -harmonic function on the complete gradient shrinking Ricci solitons. We also prove the L p (p ≥ 1 or 0 < p ≤ 1) Liouville theorems on the complete gradient shrinking Ricci solitons.
Introduction
Gradient Ricci solitons play an important role in Hamilton's Ricci flow as they correspond to self-similar solutions, and often arise as singularity models. The study of solitons has also become increasingly important in the study in metric measure theory.
In this paper we study the properties of complete gradient shrinking Ricci solitons and positive f -harmonic (or f -subharmonic) functions on complete gradient shrinking Ricci solitons. A complete Riemannian manifold (M, g) is called a gradient Ricci soliton if there exists a smooth function f on M such that Ric + ∇∇f = λg for some constant λ. For λ < 0 the Ricci soliton is expanding, for λ = 0 it is steady and for λ > 0 is shrinking. The function f is called a potential function of the gradient Ricci soliton. After rescaling the metric g we may assume that λ ∈ {− function u on M is called a f -subharmonic function if ∆ f u ≥ 0. If f is constant, then the f -harmonic function, f -subharmonic function is the harmonic function, subharmonic function, respectively. Hence a f -harmonic (or f -subharmonic) function can look as the generalization of harmonic (or subharmonic) function. For a positive harmonic function u on a Riemannian manifold (M, g) with Ricci curvature bounded from below, i.e., Ric ≥ −(n − 1)K for some constant K ≥ 0, Yau (see Theorem 3 ′′ in [20] ) has obtain a global gradient estimate 
Then if we take R → +∞, it is Yau's global gradient estimate. For the case of K > 0, recently, Munteanu ([11] ) has improved the above gradient estimate as following
for some constant C > 0. For the complete smooth measure space (M, g, e −f dv) with
u for some constants c 1 (n) and c 2 (n). Using this gradient estimate, Brighton ([1]) proved that a positive bounded f -harmonic function on a complete smooth measure space (M, g, e −f dv) with nonnegative Bakry-Émery Ricci curvature is constant. For a local Cheng-Yau's gradient estimate for Bakry-Émery Ricci tensor bounded from below Ric f ≥ −(n − 1)K and |∇f | ≤ θ, Wu ([19] ) proved that a positive f -harmonic function on B p (2R) has the following local gradient estimate
for some positive constants c 1 (n), c 2 (n), c 3 (n). Chen and Chen ([4] ) also proved the same gradient estimate for positive f -harmonic function with another condition Ric ≥ −(n − 1)H. Munteanu and Wang [13] also proved a global gradient estimate for positive f -harmonic function, they proved that a positive fharmonic function with sublinear growth of f on complete Riemannian manifold with Ric f ≥ 0 is constant. If we consider θ in the condition of Wu's local gradient estimate as a function of radius, we also prove a gradient estimate for the smooth metric measure space.
Theorem 0.1. Let (M, g, e −f dv) be a smooth metric measure space with
Then for any 0 < ǫ < 1, we have
Since the potential functional on the complete shrinking Ricci soliton is equivalent to the distance function, hence we have Theorem 0.2. Let (M, g, f ) be a complete gradient shrinking Ricci soliton, then there exists a constant C > 0, if u is a positive f -harmonic function on B p (3R) for R > C, we have
As a consequence, we obtain the Harnack inequality.
Corollary 0.3. Let (M, g, f ) be a complete shrinking gradient Ricci soliton, fix a point p ∈ M . Assume u is a positive f -harmonic function on M , then we have
We also obtain some global estimates on the complete gradient shrinking Ricci solitons. For the complete gradient shrinking Ricci solitons, we consider the potential function instead of distance function in the cutoff function, then we show that the nonnegative L 1 (e −f dV g ) f -superharmonic or f -subharmonic function must be a f -harmonic function.
Theorem 0.4. Let (M, g, f ) be a complete gradient shrinking Ricci soliton, u is a nonnegative smooth functions on M . If
Then using the Corollary 0.3 and Theorem 0.4, we can prove the following Liouville-Type theorem on the complete shrinking Ricci solitons, without the bounded condition of the f -harmonic function.
Theorem 0.5. Let (M, g, f ) be a complete gradient shrinking Ricci soliton , i.e.,
Remark 0.6. For the metric measure space (M, g, e −f dv), Wei and Wylie [17] proved that if Ric f ≥ λ > 0, u > 0, ∆ f u ≥ 0 and there is a constant α < λ such that u(x) ≤ e αd 2 (x) , then u is constant.
Using Theorem 0.4 and Theorem 0.5, we can obtain L p Liouville theorems on the complete shrinking gradient Ricci soliton.
Corollary 0.7. Let (M, g, f ) be a complete gradient shrinking Ricci soliton and p ≥ 1. Assume u is a nonnegative subharmonic function, i.e., ∆ f u ≥ 0, and satisfies u ∈ L p (e −f dv), i.e.,
then u is constant.
Corollary 0.8. Let (M, g, f ) be a complete gradient shrinking Ricci soliton and 0 < p ≤ 1. Assume u is a positive subharmonic function, i.e., ∆ f u ≤ 0, and satisfies u ∈ L p (e −f dv), i.e.,
Remark 0.9. For any complete smooth metric measure space (M, g, e −f dv), Pigola, Rimoldi and Setti proved the L p Liouville theorem for p > 1, see [15] . For the case of p = 1, Wu [19] proved the L 1 Liouville theorem under the assumptions f is bounded and
In Section 1 we recall some properties of the complete gradient shrinking Ricci solitons and prove Theorem 0.4; In Section 2, we obtain the gradient estimate on the complete gradient Ricci solitons, i.e., Theorem 0.1, then using the property of the complete gradient shrinking Ricci solitons to prove Theorem 0.2 and Corollary 0.3; In section 3, we prove Theorem 0.5, Corollary 0.7 and Corollary 0.8.
After we completed the first draft version of this paper, we learned that Ma [10] obtained the local gradient estimate on the complete gradient Ricci solitons and the Liouville Theorem on the complete gradient Ricci solitons with finite weighted energy.
Proof of Theorem 0.4
In this section, we will prove Themrem 0.4. First, we recall some properties of the gradient shrinking Ricci solitons. Lemma 1.1.
(1) S + ∆f = n 2 , here S means the scalar curvature;
so that, for any x ∈ M n , we have
where d(x) is the distance function from x to p.
(3) in the above lemma is proved by Cao and Zhou [2] (see also Fang, Man and Zhang [7] and for an improvement, Haslhofer and Müller [8] ). It is well known that a complete gradient shrinking Ricci solitons has nonnegative scalar curvature (See Chen [3] ) and either S > 0 or the metric g is flat (see Pigola, Rimoldi and Setti [16] or the author [21] ). Recently, Chow, Lu and Yang [6] proved that the scalar curvature of a complete noncompact nonflat shrinker has a lower bound by Cd(x) −2 for some positive constant C.
From the above lemma, we have |∇f | 2 ≤ f , −f ≤ ∆f ≤ n 2 . Then 2 √ f looks like as a the distance function, hence we use 2 √ f as the cut-off function on the complete gradient shrinking Ricci solitons. We denote ρ(x) = 2 f (x), then we have
Now we prove the divergence theorem on the complete shrinking gradient Ricci solitons.
Proof of Theorem 0.4. We choose a cutoff function η :
Then it is easy to compute
Since ∇φ and ∆ f φ may not vanish only if r ≤ ρ(x) ≤ 2r. If r ≥ 2n, using (1.3), we have |∇φ(
Since for large r, {x :
Since ∆ f u ≤ 0 (or ∆ f u ≥ 0) and M ue −f dv < +∞, let r → ∞, then the right hand side of the above inequality is 0. Hence we obtain M ∆ f (u)e −f dv = 0. So ∆ f u = 0.
Gradient estimate on complete shrinkers
In this section, we prove a local version of gradient estimate for positive fharmonic function on M .
First, we show the gradient estimate for the smooth metric measure space. Then for any 0 < ǫ < 1, we have
Proof. The argument is standard from Cheng and Yau, [5] , also cf. [9] . For the convenience of readers, we provided the detail of the computation here. Set h = log u, cutoff function φ, G = φ 2 |∇h| 2 . By the Bochner formula for
We compute at the point x that |∇h|(x) = 0, choosing an orthonormal frame {e i } at x such that e 1 = ∇h |∇h| , then we have
Using Cauchy-Schwarz's inequality, for any 1 > ǫ > 0,
On the other hand, notice that
and
which imply
At the maximum point x 0 , ∇G(x 0 ) = 0, ∆G(x 0 ) ≤ 0 and φ(x 0 ) > 0, we have
Since φ ∇φ, ∇h ≥ −|∇φ|G 1/2 , then
This can be written as
where we have used the inequality √ A + B ≤ √ A + √ B for any A ≥ 0, B ≥ 0 and φ ≤ 1.
We consider the cutoff function as following, φ(x) = η(
R ), η is the same in the proof of the Theorem 0.4. Using the comparison theorem was proved by Wei and Wylie ( [17] , Theorem 1.1), we have
Then |∇φ| ≤ 4 R , and Hence by (2.4) , we get
Remark 2.2. If θ(R) = 0, we can take ǫ = 0. Then 
Proof. Same computation as in the proof of Theorem 2.1, and for shrinking Ricci solitons we take K = 0. Here we take cut-off function φ(x) = η(
r ), where η(t) is the same as in the proof of Theorem 2.1. The support set of φ(x) is contained in B p (r 1 ), here r 1 = 2r + c 1 , we choose R such that r 1 ≤ 3R.
Let h = log f . Consider G : B p (r 1 ) → R, G = φ 2 |∇h| 2 . Since G is nonnegative on B p (r 1 ) and G = 0 on ∂B p (r 1 ), it follows that G attains a maximum point in the interior of B p (r 1 ). Let x 0 be this maximum point. By the maximum principle, ∇G(x 0 ) = 0, ∆G(x 0 ) ≤ 0 (2.7)
For r ≤ ρ ≤ 2r, using (1.3), we have
Since |∇f | 2 ≤ f ≤ Take ǫ = Proof. For any x ∈ M with d(x) ≥ max{2c 3 , 10n}, connecting x and p by a minimal geodesic γ(t), by the triangle inequality, we know γ(t) is contained in |∇ log u(y)| ≤ 3d(x).
Then using the Theorem 0.5, we know u is constant.
